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Effects of Boundary Conditions and Initial
Out-of-Roundness on the Strength of

Thin-Walled Cylinders Subject to
External Hydrostatic Pressure

By G. D. GALLETLYS ANo R. BART$

Laing classical simall-deflection theory, an investigation duced as all the fina reports on their work have not beeni pu.-
was masde of the eilects of boundary conditions and inital liWed.
ouf-o;=dns on the strentgth of cylinders subject to One possble raise tor the dicrepancy betwee theoretical and

___extera --_- jp sur_ ~qsi- eeoe

in this paper for Initially out-of-round cylinders with niu of the cylinders, and a nuzaber of invertigations, using small-
clamped ends, and a slightly modified form of the equa- deflection theory, already have bees mcade on the effect of Initial
tions previously derived by Bodner And Berke foe simply irregularities on the collapse pressure of cylinders subject to wi.
supported ends, were applied to sornes actual test results ob. ternalhydeosttic pressure (2,3,4). As was to beexpectedthese
tained from nine steel cylinder* which hnd been subjected analywaes howed that the initiad irregularities reduced the failure
to external hydroetatic pressure. Three semiempizical pressures below those of the perfect cylinders. However, when
methods for determining the initial out-of-roundness of these analyses were applied to some models which had been tested
!he 71linde~salso were inirestigated and these are described experimentally, they predicted filure preseures which were les
in the paper. The investigationt indicates that If the than three quarte.9 of those observed experimentsl. Since
.nitial out-of-roundness is determined In& manncr similar these analyses had assumed simple supports at the ends of the
to that suggested by Holt then the correlation . etween cylinders and it was probable that the b0ounthry conditions of the
the experimental and theoretical results is quite good. models were somewhere between the extremes of simple supports
The inrestigation also indicates that while the difference and clamped ends, it was of interest to investigate the reduction
in collapse pressures for clamoped-nd and simply sup- in collapse pressure of clampied-end cylinders due to initial irregu-
poirted perfect f.linders may be quite considerable, this lities, tO see if the assumed bounrday conditions rould explain
does not appear to be the case when initial out-of-round- the discrepancy between experiment and theory. Alsee the
nesses of a practical maenitude ore considered, anayses assume that the initial out-of-roundntess In the cylinders

is similar to one of the m". Into which a perfectly ciroular
IneMeUoncvor cylinder of the some dimensions would buckle, @ad actual shells

never satisfy this condition, It thus seemed desirable to In-SEVETRAL analyses have appeared ice the literature for the vestigate the various simplified methe-s that have been mug-
lust~ i.,ke~g if athincylindrical shell subject Co external gined for determining the Initial out-of-roundnen of the cylinders

hydrostatc presetare (1)'1 The majohit) of theme ae'lyses to fte wust effect these had upon the computed fal=ur pressure.
have been baedx upon the classical small-eformation theory of These methods are described In thi: paper.
thee shells and have eas.ned a geometrically perfect, stres-ree It is also of interest to note that there are other limitations in
structure prior to loading. The correlation obtained between the existing linearized theories. These are:
these toeories and experimental results hass been good for lonic a h atta nto rblm hr sal xs te
cylinders but rather poor for short cylinders. Efforts am c u ckling preue s c lotse oem minimu uckalyin pr er

CMeny ben adey seeald Inettr txin the -yidier Thus, use of only that moode of initial out-of-roundness which
rrepncyetsen teor an ererimnt n te shrt-ylider corresponds to the minimum buckling prerur is really only de-

range by the use of Lorge-deflection theory At this date' how. t i stleativery coetothe mimmcklinglresue.
ever, it is not known by how much this discrepancy will he rc- (sb h ipeyedcieinue opeitflus

Shall Dovekvpeitot Company. Eeenvlle. Calif. Assoe Meom. This point is discussed under the sectior entitled Assuinp~tis
ASME: foermerly Head. Phs ae nd Stilli Section. David Taylor %ladte In Analysis."

Ioe Stucual Wuhiath ngie D avi C alrMoe.ain r The authors have not investigated the foregoing factors but
'Suctura htae.rl C ntr aidTyo oslO sb hope to do so in the futuire.

Valiers .0 pewee .efs w tee Bibliopapey at ts sod of %I,* The approach used in this papie tosimlar to that of Bodner and
;,Wa. Blerko (3), except that instead of using a Donnell-type equation

F'n ptewataion ai moe Namioaal Applied Mecthanles Cer'ersne. GaLerkin's method was err ployed tn conjunction with a modeied
UrbAis IL. Eun 141. X Oo TaAaacmeScit Donnell-type eqis Lion. The initial out-of-roundness pattern

Discussion of tis paper should be addressed wtoha Secetary. assunied by Ilodnecr and Blerko we.. of the form
ABJlM. 22 West 39tha Street. Now York. N. Y.. and will he actepted
Until om* Month idterr Zirws poulct" of the ppv itself In the l
Joc"A~L or A,,unm. M sAmgic e. 8 bi am m G re

Nu',r Statements sand opinions advanced In pal sitar to bes L
undertood se Ii~dua tnpesios of their authors and sot thoe of
%ts 15"Mey &lenuasect4 receied by ASMdE Aped Mota ( origin at mld-lengthl while t'st assuned by the present authors
Iidso. May 31 loss Pawe No 5&-AP.M4 was



si snO u. w, ~ r 1, to s elartio axial, tattgenitial, and radial (+ inwards)
2 L--co - dislacements of the imperfect oyliu. rminus the

uniform compression experienced by rrfect
,ortgi at one end of the c~lmder) Thus, in bow cases, the cyliader (see Equation 118) in the Appendil)
inital out-of-roundrew satisfied the relevs.ut boundary condi-
tionsand wa&hov similar inform to ne o the assmed buckling Thea scripts x and 0 indicate partial differentiations with re-
mode& The magnitude of the iti- out-of-r undness at thr. ends apect to thoe variables.

cednter ofthe cylinder was &o the same in both cses. The patterna assumed for ws and is, and which satisfy the
The Bcine-Beks solution and that presented heeiz thus boundary conditions for clamped-end cylinder, were as follows

represent Iowa and upper bounds for the effect of initial eccen- r 2,
-cities on the collapse presurs of elitic l y supported un- Ws - B sin me 1 - cos --1

itiffened cylmders, when the initil eccentricities have the same . . I
hape s one of the assumed buckling modes of the perfect C __'¥1
ylider. Whir'- the two solutions are not exact, they should - nn 70 [ os -- t

provide good aproximations to the exact solutions. One of the
imitations of using Donnell'. equation is that the number of cir- where
cumfereantal lobes should be fairly high, and thus the results wi B - half amplitude of to-displacement
be ightly in error for very long cylinders which buckle into two e - maximum value of initial radial out-of-rouzdness
or three circumferential m - number of ccumferential waves
T inal result o the ivesuption are given m Fig 2 and in L - Unupported length of shela

Tables 2, 4, ad 5. It can be seen that the correlation between L: n d ngth ordinell
experiment and theory is quite good when method (c) i used to 0 -xialandanuaroordflotes
determine the initial out-of-roundnew of the models. (Method If the Expressions (2) happen to be an exact solution of the prob-
(e) is similer to that suggested by Holt (6).] However, it is not lem, then they will satisfy the differential equ&tion of equilibrium,
clahimed that the results give a complete answer to the problem Equation lI c, exactly. However, as both v and ,%' were chosen
and more %ork of both an experimental and theoretical nature is to satiofy the boundary conditions rather than the equilibrlum
required equation, thi, in general, will not be the ce. The resultinz ex-

pression will be a function of s and C which we shzll denote by Q.
McMOD Or ACALYSIS Galerkin's equation for determning the relations between the co-

The modifications to Donnell's equation brought tbout by efficients B and e is then
initial e- nmticities in the shell have been presented by Bodner 2 " L
and Berks (3), and, prior to them, by Cicals (6). The equations Q in 10 1 - coo RdlI - 0 ..... 131
also have been derived by the authors in the Appendix, using a Jo, Jo I
somewhat different approach to that adopted by the previously where assunes the valuer 1, 2,3 ......
men ioned authore For the case of uniform external hydrostatic ror P m Equation (31 will be found to be zero identically
pressure applied on all sides of an imperfect cylinder the relevant For, - m the following relation between JR snd e, obtained from
equations are, from Equations 119a), [196), (211, and 1241 in the Lquation 131, will be found to hold
Appendix

L r B P 1-
-L. . 41

DV L w S - n. P L/2(+ o" 2 p.--p....

0 (a) where p. is given by the expression

0 (a IG M' + WmA' + All 44A

- A-[i..-~ et] b ( l( - 2  
+(i'

"

- ~ i- i ... ] (e) - +dV'P - (6)j The1 smlls Pat I)A

The smallest valve of the buckling pressure of the perfect

wnerl cylinder p. is found by mlnimizing 'juation [5 with respect to
m, A relation sintilir to t at expressod by Equation [] has re-

h - thickness of ehell cently bt:, pretnted by NaW (7) using an energy method. A rv-
_ - mean radius of s U..tio. similar to Equation 14) was also obtained by Bodier and
p -'applied hydr-tatic pre&.r =!- y suppvrntd imp'rfect cylinders.
E - zodulus of elwicity Thus, fr rm Equatiot.; (2! nd i4j, we obtain the following ex-
D - '120 - s) presion for to
V - PoLson's ratio

F - s -ess function of the total niembrane strsses To - - - 'n M C8B
1'- -1 ' V7-41 12 ".-p

- '+ SW /, " The bendiug moments in the shell can "hen be calculated from

t, - "tal radial out-of-roundres (+ inwards) the relations

2



M. -D +It should be noted that instead of ucing the yielding criterion
given by Equation [101 where a, and 4r# arm principal sizesses, it

.V[1 is more accurate to uee the expression
M .- D[ IRSe4 mW. 1 0, - u5' + a.,'- agoe 3r. .....u 1l0o

71, axium bhL- stres re ten ivenI~ywhere now o,, ag, and r.# are the normal and shear stresses at any
The axium endn~ crcees re hengivn ~point and which are functions of z and 0. Yielding will lorst occu

6 6 in the cylinder for thoeevalues of zand 0whch milimil the

- (J.., , At (Mef).. 181 right-hand side of Equation (10a). However, to compute these
values of z and 8 by differentiation of equation (Ion I involves

I o obtaisn the total normalirsuesses wre now aive to add the more complications thin seem warranted. Trials indimae that the
memtrnestrVt5to Equation [j. To determiie these latter" te ondition atthe outershelwall fortiough pointf a lobes
solve Equatious tidl Said [61 for the Stres function F (periodic probably as unfavorab~e a any where es. As mentioned earler
terms only). The total membrane streame are then given by the twisting moment Me# is zero at these points and thus Equa-

tion [10a) redukoes to Equaton (101.
PR P,4 PR As we shellhlter present curves of p, th presure at hchhell

c'. + + Yielding commences, versus */A, the initial eccentricity-
shell thickness ratio, for both simply supported and clamped-end

The total normal etresiee are obtained by :adding algebraicall) cylindprs, we have summarised the retultj obtained hi this paper
Equiaons jS, azd [91. The greatest normali strecises occur at and those obtained by Eodner and Barks in Tablo 1. (Welhave
mid-ength of the cylinder (z - L12) and whtre sin mO - :1: added rfew termnsto the latter olution, a odaw and Berks
trousb and crest point* of the lobes,. At these points the twist- neglected the periodic terms in Equation [91). Also, we used
ing momeat MV.. is zero and than the normal stresses are principal the expression sen/A

5 
for the circumferential change in curve-

stresses. The absolute maximum normal stresses occur at the ture instead of (wx/A' + v41/A) which was used by Bodne
outer shell wall for the trough points. and Blerke arten computing the bending streame due to initial

Having obtained the ma=imum principal stresse a, and a, in out-of-roundnesa. Our expression is consistent with the expree-
termsl of the initil out-of-roundness. d~e geome-ric paatee-s sion used in deriving the approximate equationis of equilibrium
and thle applied external hy)drostatic p., essitre, we nowS employ tLe for an initially out-of-round cylinder (see Appendix) and wio Is the
octahedral shear-etress criterion of failure (which gives the same same as that used by Donnell in his work on perfect cylinders (8).
results as the Rencky-vn Nlime criterion of failure), viz. The effect of using eHr3eA inxtead of (tIR8eA + ri/A) Is to

eliminate the quantity f which appears In the equations de-
- s

2 + 0'1 - co....... . 1.101 veloped by Bodner and Berks.) It can be seen that the final
equation (Equation (121 in Table 1) relating the Initial out-of.

riocre or, is the Yield point of the material. Substitution of the roundness and the presnt.re to cruse first yielding is efee~tiSilly
min=== principai strewa- a. and atmi Equation 110i then gives the same for both clamped-end &id simply supported cylinders,
an equation relating the initial out-of-roundness, the geometric except for the fa-cor of 2 required by the definition of # as the
parameters of the shell, the Yield point of the mzte~al And the maximum initiai .ut-of-roundness and the slight changes in
pressure at which the she'l begins to Yield P. definition of the quantities K and P appealing in that equation.

TABLE , MPPltLS-i- OF EQUATIO. ANID PARtAMETERS FOR SIMPLY SUPPORTED AND CL.JdPED-ENLI CYL,'IDER8 HAVING
C'AN INITIAL OUT-OF.ItOUNDNE88 SIMILARt IN SHAPE TO ONE 0Of THE ASStflZO DUCKcLING MODES

Equs
Win

------- sipgupport s--- Clamped siids--------- no.

W -aBsin# - i.
Aeued w Ls letmcs~- -e -/ do me .and U (Orivo at roid-Isastl)1 o

(orlg'i at oe and)

R i 1m '+ WAS t+ A-)

Equotlon relatins p, 5 (I - .-P-)13 Z 1I- 4f1 - 0 + VIIII I for sile supports 12
and 4 p.) 4a1 -. 5 + D)K X 12 for clamped ands,12

B~~~ (Ml/ A [in'l,

1m'+ IS2(1-. R) in's' - 11 + Ai'S + (I
A_____+___A___a *in tlZ'Ii*') g+ all -I
R1+W+2l-I L i' - m +2 - l A 4' 1

1 s,'+.'~t- + 1 A Felt~ Im~+S+(~'Tm + Alp

17 3 18
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Beside: the approxmate atrai and change in cmzurs-
placement relations used in the derivation of the Donnell equss-

tin oroniitaly utd.-mdcyide, adth ssmpio.RI Re
that ~ ~ ~ ~ ~ ~ ~ ~ ~ i iti ntalIte re tmgh eueu ols oeo h

othies assumptions that bzve been made both in tie analysis of I
this paper and that; of Bed=e and Berks. These ate as follows: 411Otr-...E -..--

1 *1As the ci iferenitial memlerane stress in the shell is isW low RM
comstanit along its length and equal to -pR/h, whereas thi ish0~e ME AhOD5b
rictslly not the caseMTHD(Q.TMDb

2 The assumption that the initia out-of-roundness is small
(with an order of mni~rtude of one shell thickness) ip ymmetzic
with respect to theocenter line of the hell, and hatheaineformn, ...
as one of the buckling modon of a perfect cylinder with the same
shell dimerins Actusl Phrils rarely, if ever, zatisfy the last two r
requbeiatt and so the q.sertio arises as to how the iniclal out-
of-rotmemesse4hovd be ineared

3 Th* J5w$inti that falr ow (ipeiao of viilwREOTM a
lobes) when the most MA*~li strssd points in the cylinder str Win Rm .-to yield. Actully, nlUre does not occur until plastic regions *A-00z4? 180-
form at the trough and crest points of the lobes. The presturere- M~O a
quhred to produeo these yield sones hs greater than that at which EMDa
the most hig*l stressed points begin to !ritld and nrgect; of this Fro I Ii.vaa~ioxs or TuJIx Mcrison ros DzveXaespxo
effect thger, underestimates, the strengt of t h ft bel$ A 1--7TL 0T07-toitas~xe 07 Cy m AT BIASIot 40or MontI.
adequate theory to take this effect Into accounit hat not been de- B
veloped as yet, but, as for besins, presumably the ratio of the
prewarn. to caume first yielding to the p.usure required for the mined Then the angle r/t, wheremv;isthe number of obes into
formation of plastic regions depends on the relative map, ures which the perfect cylinder would buckle, is calculated. A sector
.4 the direct stresses in the cyiinder wall and the bend=ng strewnr of a cirle subtending this aingle i/ntis then drawn on transparent
reahn Lom Liiloto-onre paper and placed with its apex at the centrold of the initial eircu-

4 The assumption that Poisson's ratio is a constant, and equals larity contour. The sector is then rotated so that lttravrsoa the
03i.inene entire circumference of the circularity contour until the location Is

Aitiineddto apply the analyse developed for unstifened found at which the maximum differenoe between the two sector
cylinder, to stfenmed cylinders which felled by buckling betwee radii o-crs The initial out-of-roundnesa is then taken as this
ring stiff eners, it would be well if we enumerated the additionl maium difference. This method of determining the initial
assumpn~s that were mad,,. These are: nt-f-roundnees is essentially that proposed by Saunders TWl-

5 That the stfeening rings at the ends of any bay are per. ling. and Wlindeniburg (11, 12).
fectly circular, L~e., they do not have any initial out-ofroundnew. (6) Both the centrold and the are of the initial circulsrity eon-
This never occurs in practice, of course, but ahouid niot be too tour ae determined. The radius Rt. of the circle whose
serious if the cirularity of the stfenming ring s uvery much better area is the same as that of the initial circularity contour
than that uf the shell, or if lm predomlnant mode of initial ot-of- is then determined. A circlie, with center at the centrold of
roundness in the rngp is very different from the predominant the initial circularity contour and of radius R_. is then drawn.
miode in th tl The initial out-of-roundnesa is then taken as the maximum value

6 As for unstsff,,ned cylinders, the circumferential membrane of JR. - Rt.] and [ft. - Rjl, where R. and f, are the radius Too-
strata in the perfect cylinder is assumed to be -pRI, woerees tors from the centrold to points on the Initial circularity contou
I; Actually *%ses along the length of the shell. A more correct which are exterior and Interior, respectively, to the circle of radius
repreuwntsre of the strews distribution would be obtained b) Rt. A method f ,r determining the initial out-of-roundnes simi-.
oli,- the analysis of vou lianden and Monther (9,), or more sco- lar to the foregoing has been suggested, among others, by Bodner
eurrztely still, -.bAt of.slerno and Pubos (10). aud Berka (3).

(c) As in (M beth the centroiJ of the initial circularity contour
Mirrooes or Dirseiserreo Irsm- Ovrmr-RoT,:rvoszse and the radius Rt. of the mean circle are determined. Alsa,,ain

.4- mentioned hitherto, the analyses ato-s that thle imilial (a), the ange i/nt Is calculated. The arc length of one hsa.lecbe
out-or-roiindroes is symmetricabout the mid-length of the shell is then obtained as (i/m)R.. This arc is then moved %round Wh
Lr4 that ite circumnferentisl variation is in the shape of one of the initial circularity contour with its end points always In contart

bualng ode ofa prfet cliner.Actal hei donot meet with the contour. The initial out-of-roundness is then taker~ as
buc~rnme of perfect cyIde Ac ntue adamo the maximum raidial distance between the circularity contour and

ana~-ss ,f ~e nital utof-ounnes, nd lsoextndthethe~y the arc. This method for detcrmining the initial out-of-roundness
to account for the various harmonic components, the qutiou isomwasmlrtohemhdpooedbHlt()
arises as %o how we shall messurs the quantity e, which is defined Nmu~.Rtui
in the aalysis as the maximum initial Put-of-rounidness when its oujaRzss
asape assimlar to oes of the bucklingode@. As far as the In this secton wpreset tb esteb,,by applying the
&abr,am aware three simpified, semremplrical methods foi de. analfsis developed for shmpl) tupportix! &,perie.A rylinders (3,
Lerinuning the =tsa. out-of-roundness have been pmrposed z., tte aod Its extension to clamped ends, to r.-. itel m'lded cylinders
literature so far. These are (see Fig& 0: that have been tested at ls Taylor Model Laii. At failure, all

to, The oescrod of the anitoa" circu~Ars ot...tma En rt detet- thew models had lobes which partially cove-red the circumferee

4
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(I) (2) (1) (4) (2, () () (8) (9) (10)

r. M imum Theoretical altts bo .e.
Moel rutt a0 04 pr we from F4.11t.2

modl c6* o pram Dm501 .- 7%Wb I. - e- - of e*Efficid
R0 R 2P po abi.eeoo PaS Pat simple.sopprts Clamp*& *adse ylinders

00 0 12 0 ow 3=0 2 Oiat4r 175 20 41
93 0230 0 0032 11000 2 int-alo 13$ 119 j13i4 9.6 ( 282 (14 22u

71 0 300 00002 44000 me .27 3" 022 I 94
42 1.000 003) 4t= oon. as 69 (851.2 n 7241

BR-I 0104 0 04 81700 a externa 8o 107 (12) 192 ~1i 10h2 322
BR-4 0.220 0.0049 20800 2 e-ttroo 300 NO tIO 013 11) 48 0sa2012
%3-0184 0 0023 0400 6 0.&I 14 12 80 0 ( 1) 12 19) 180 2i4

Sumbers Is pu eiothee ti. .umb r of lobes at tWlou,
& No d.ati*0on made m W-od~burt. zotN betw1tia bucking "d maximum astabilao pa mu for these models, hu, they we. , uegoed to b* *8q

in Lth aor. thl.
Cok;loted o ed.A rat-o *8 h at w&Uy koik sing nolysix of ao Su ,a ad Oother in aouwntion vilt o0tahodrl .0ou gU= ari541iot

TAB El8 MAXITMUM .,-VAo.LZ8 OBTAINED BY rIFFFRE=NT METIOD8 FOR DETERMINING ITIAL OUT-0F.ROUNDNE83

(1) (2) (3) (4) (a) (8)
________________Method Wo

M~e 0 -Mthod (a).- -(Co Olwad- .- 79 ared- -Mu. of (1) eaW -Mode 8.8. Meho (0 C. B.9. C. 8.8&. O0..
so 0 198 0.140 0170 0.010 0.017 0.074 0.073 0.078 0.0

03 0. .04 0 0.09 0.093 0.081 0.093
8 0.043 0.047 0 041 0.041 00.0 0 0. 0.041 0.040

71 0 i30 0143 0.118 o.0 0.011 o.oo 00 0.080 0.8
42 0.327 0,272 0 181 0.090 0.081 0.114 0.121 0.114 0.191
01 0 192 0 10 0.082 0 027 0.cal 0.C22 0.027 0.027 0.03

BR-I [e,11 0072, el 8 0804(2) 0.,l(, 08728 0308 0.0034 0.319(8) 0.270(8)
-4 4. 10 01 1 0 (2) 0 4 0 ( 0:034) 80( 0 4

33-0 4. 8, IC) 0 741(4) 0 7 ) 41o 0 0o. ) 0 2 1 02104 0.2474 0 (10)
*Tolaold n..e Loirst. to &=xiomal.Ily :kl pr mt0.

i Ntmh-r ,o e, o-. bthkel mlte etatloos as lueb lobe. n t appeemd atthe mo.ulaVe eiuaiie cylinders. Number in porothme ar the lta-
lion.01 shik th mus - .,lues ooeurrd. soeordms to the method 0,04.

TABLE 4 COMPARISON OF PREDI"TED PRESSURES P811 FOR OCCURRENCE OF A VISIBLE LOBE-USING THE DIFFERENT
METHODS FOR DETERMINING INITIAL OUT-6F.OUNDNEW-WITH THE EXPERIMENTAL PRESSURES %PSI)

Made .-Mathod (s)- -Method (b& -- M.thod (0- _-C&l (2&w-01 (W- -CoI. (s8)/Cot. 0- -o.()ol
a. C.E 8.CE. C.E. 98. Expl. C.E. 8. C.E. .C.E.'- ' (

20 "91 114 127 123 10 160 170 0.882 0.768 0.784 0.710 1.03 0.810
31 111 1. :2 116 133 130 13$ 0.978 0 86 0.04 0.973 1.01 0.003
eo 178 228 282 234 283 230 232 1.10 0.871 1.20 0.988 1.20 0.990
71 3 2 27 32 817 334 123 327 1.02 0.810 1.08 0.070 1.18 1.02
42 28 41.0 60 44 65 48 08 0.96 0716 1023 0.759 1.12 0.732

G1 36 33 18 9 08 40 0 48 1.14 0.7V3 1.17 0.818 1.24 0.348
BR-I 74 03 72 672 98 00 g 0 0.823 0.788 0.838 0.844 1.3$ 1.00

3-4 204 3 27 31 2938 900 340 280 0.700 0.08 0.84%0 0.768 1.00 0.078
D-2 07 20 68 81 92 5 68 s0 0.713 0.622 0.o0 0 763 1.1e 0.980

of the shell The geometric ratios, yield points, experimental and shown in Fig. 2 for illustrative purposes. In constructing thee

theoretica collapse pressures for theee cylinders are iven in curves, the value of m used in Equation [121 was the value of
Table 2 The first six models in this table were teated 9ome q0 mwhich m ,inimisd Equation Il ImTablel. Thesovelueeofm
years ago by Windenburg and Trilling (Il,, although they did #-e listed in parentheses in coluns 8 and Qof Table 2. These
not avestigave theoreticall, the effect of Initial out-of-roundneu values of m do not actuslly give the mifnzoum p, fI a given #/A.
on the collapse pressure The Iot three models, which et multi- This point will be d1scusei later. It also should ie noted that
bay cyinders, have been tested recently at the Taylor .,od&l for e,h - 0som0 of the curves; in Fl. 2 do not attain the elastio
Basin (13, 14). buckling presiures tabulated In colummns 8 and 9 of Table 2.
A comp on of columns 6 and 8 i Table 2 ahows a consider- When this s found to occur it means that the prssure to cause

able discrepancy between the expermental and theoretical axisymmetric yielding of the shell 6 lower than the elutlo
buckling pressures for even the simply supported cylinders For buckling pressure.
some models, it would also appear that axisymmetne ,ielding In Table 3 ore tabulated the maximum e/A-values obtained
rather than buckling was the cootrolling mode of failure. nis using the different methods for determining the initial ou -
can beasee by comparing columns Band 101in Table 2 However, roundness deecribed earlier. The e,h-vaiues were determined at
it will be seen late: when out-o-roundnes ls taken into account mid-length for the unatiffene(% cylinders and at mid-length of the
that the theoretical pressures for buckliu%-ype failures are lower bays for the multi1aty cyinders. Tn. value are listed fou "h
than the axisymnetrie yield pressures. It is also of Interest to model under methods (a) and COl becouse, In these methods, t.
.tote that MOail 42 and 61 are the only models for ti,.h the ex- number of lobes into which the perfot cylinder would buckle is
pmnmentl buckling pressures are higher than these predictod osed and .eis number is usually dlffer.nt for simply supported
ther.rtlally for simply supported cylinders, although the sw ) and damped ends.
supports were ooed for those two m:dels a for the four models Now, selecting the experlmenta b-ekling pressures listed in
preoeding them. column 8 of Table 2 in coojunction with tir corresponding eo-

Udng the geometric tio ad yield poenta hown in Table 2 eentnictles listed in column 2, 3, and 6 of Table 3, on ce n plot
aod Equatin 11; and l12, m Tabe 1, it 1s possible to construct points on curves similar to FIg. 2 which ruree-nt values deter-
curvreshowmg the relation between the preureat which yieldg auued experimentally. To Tarle 4 we also give a numerical com-
first occurs in the cylinder wall p., ad the ruo of the initial out- panon of the theorettual and experimental preenree at which
of-roundnese to the h thickness sA. Two such curves are visible lobes first occur. The theoretical values In this table

5.
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9bell at the tenter ot one of the bays io which lobea first appeared numerical computations and determining the Iitil out-
in Model BR-4 If we adopt method (c) described earlier as our rouidnes of the models, and to Mr R Stuckey in executing the
criterion for initial out-of-rou.ndnes, then the stiffening rings of drafting work.
this moeli h.a about one tenth the out-of-roundness of the shell. They also wish to thank Dr $ R. Bodatr of the Polytechnic
Sinuar :eus also were obtained for the other models. Thus, for Institute of Brooklyn for his constructive comments on the
the problem of inter-ring collapse of stffeed eyliders, the as- authors' work.
sumptirn of zero initial out-of-roundnes of the stiffening rings BIBLIOGRAPHY
appears to be a reasconable one.

It might be thought that a hazmonc anal) s of the initial out- I "Bucklig of Multiple-Bay Rtng-Relnforced Cylindrical Shells
of-r .undness would show that the amplitude of the harmonic Subject to Hydrostatic Preesur.:' by W A. Nash. JocL'.AL or As-

ruro Mzcnu mic Trans. ASME. vol. 75, 1953. pp. 409-474. See
compone; corresponding to the value of m which mirimized Pi. alo reference (7 in Bibliography., (aso, DTM3 Report 785, April,
(Equation Ill] in Table 1) was many times that of the .ther coin- 1954).
ponents. To investigate this point a harmonic analysis, using 72 2 "A Study of the Collapsing Pressure of Thin-Walled CylLn.
subdirvons of the circumference, was made of the inital cur-. den-." by R. G. Sturm, University of Ilinon Engineering Experiment
n contour at Station 4 of Model BRA in oStation, Bulletin No. 329, 1941.

oo t o oMd -4 ig Fi'f method 3 "The Effect of Imperfections on the Stresses zn a Circultr
k151 The number of waves into which a perfect cylinder with Cytdnal Shell Under Hydrotsttic Preasure." by B. R. Bodner and
shell dimc~s)n similar to BR-4 would buv.le is, acordmg to the W. Berks. PIBAL Report No. 210. Polytechnic Institute of Brook.
linear theory used herein, I I for simply supporte ends and 12 for bly, Brooklyn., N Y.. December, 1952.

4 "ffect of Small Initl Irregulrnties o the Strm mn C, Idr-oiamped ends From the harmonic analysis it weas found that cal Shlls,' by T. S. Wu. L. E. Goodman. and N. M. Newmark. USi-
there were ane barmonica with amplitudes greater than the eraty of Iino., Nori-.71 (08). T. 0. VI, Structural Research Seri
eleventh and two peter then the twelfto. It also was found that No. 50, April. 1953.
the amplitude of the larget hasir (en - 8) was more 5 "A Procedure for Determining the Allowable Out-of-Round.twice that of tb* twehth rcde s nd more than five imes that of nes for Vessels Under External Pressure," by M. Holt, Trans. ASME,vol 74. 1952. pp. 1225-1230.
the e.aventh mode Furti--r, eveo this largest amplitude was 6 'The Effect of Initial Deformations on ths Behavior of a
much too small to effect a resonab

t
le correlation between thers Cylindrical Shell Under Axial Compreaion," by P. Ciesia. Quisefris

and experiment Thus the harmonic analysis of the BR- initial of Applied 3faitersia , vol. 9, 1951, pp. 273-293.
=17 "'Buckling of Thn Cylindrcal Shells Subjert to lydroetatic4,. r.m. :-t did not procure any results which Pres . byW.A.Nh,Jo ne AeriA iadScsewss ol.21,

might be useful in practice. 1954, pp 354-.M.
In conclusion, it might be of inereat to mention that some at. 8 "Stability of Thin-Walled Tubes Under Torsion," by L. H.

tempts have been made to determine experimentall) the !ongi- Donnell NACA TR 479, 1933.
tudizsa lorm of the buckling displicemnt in the muibay cylin- 9 "The Strength of Cylindrical Shel, Stiffened by Frames andudna rm oBulkheads, Under Uniform Extrnal Presure, on All Sides," by X.
ders The res rts .f thee few investigations are summarized in von Sanden and K. Gonther, Werft end Reedere. vol 1, no. 8.9, and
reierene (14 However, more experimental work still remains to 10,1920. vol. 2, no. 17,1921, DTMB Translation 38. Matrch. 195=.

10 "Stress Distribution in a Circular Cylindrical Shell Underbedone befuzean 3 roncluoosregsrd~ngtezhapeofthebueklng Hydrostatic Plesure Supported by Equally Spaed Circular Ring
dtsplacment can be made Frames. Part s-Theory," by V. L. Salerno and J. Puloe. PIBAL Re-

port No. 17,-A. Polytechnic Institute of Brooklyn. Brooklyn, N. Y.,
SCHIAP, T June. 1951

Itr be precedng sttozo an attempt has been made to explain 11 "The Use of Model in Determining the Strength of Thin-
Walled Structures," by H. E. Saundersmnd D. F. Windenburg. Trans.some of the discrepancies the e between experimental and ASME, vol. 54. Pacer APM-54-25.1932.

theoretical results for cyunders subjected to external hydrostatic 12 Collapse by Instability of Thin CyLndrical Shells Under Ez-
pressure Todothisit was assumed that (a) the actual boundary ternal Preaws," byD F Wiudenburg andC Trilling. Trans.ASME,
conditions were somewhere between the extremes of ample $up- vol 54, Paper APM-6-20, 1934. DTMB Report 385. July, 1934.

13 "Tests of the ElatlrStability of a Ringtiffenied Cylindricalport and clamped ends, (b, the initial out-of-roundness was Shell. Model BR-5 (A - 1,705 .Subeceted to Hydrostatic Fressure."
similar in form to one of the moles into wL'..h a perfect cylinder by R. C. Slankard and W A. Na'sh, DTMB Report No. 822, May,
wuld buckle, (c) the stres itnu,oution in the equilibrium prob- 19I3
rem for the perfect c) lmdr could be represented by the membrane 14 "Teste of the Elastic Stability of a Rin-Stiffened Cylindrical

Shell, Model ER4 (X - l 103), Bubjected to Hydrostatic Pressure,"
stresses, and kdt t i n tmear ar-au'4f.-mator. equations of eqii- by R. C Slankard, DTMB Report 876, february, 1955.
abrium wouid dscribe the; rotlem adequately An) cold-sork- 15 Integral Transfoems in Mathematical Physlcs." by C J.
ing. remdual or welduig lttesse, or any elastic nonhomogenet) Trotter, Moatuto and Company Ltd, Londor England, and John
tat might have been present were neglected It also w- s- Wiley & Sons, Inc. New York. N. Y, 1951, e dton 8.4.

8 "'An Expresson for the Volume Change of& Cylindrical She],"eumed that fasure 4for.zaton of a lube, would occur when the !,y R Bart. DTMB Memorandum to Head, Structures Division,
stree. at the most high), stressed point satisfied the octahedral dated February 26. 19 5
shear-trn criterion Three simpi ed meithods of measuring the
i .itl out-of-roudness were also eivested The simplified Appendix
analyse , togeth-r with the different methods of measuring .At-f-
roundness, were, applied to eseel weldedclinderswith length- AtPOXJMAlT EQV1.ATlo Or EQt07 LInot UM FOr AN INITIALLY
diameter ratoe ( I to 2, tacklnsa-diantr ratios of 0 0025 to Oc'-or.Rltv- CYLI D CD
0 f'= and ield points of tl. steel 'f 30,000 tj 60,000 psi The These equations have been drived previously by Bodner and
correlation betwee: expenmenWa and theretical results wA Berks (3 using a dLffecLt approach Our reason for this new
quite good, wnen m-ode w, used Ior determining the mitial derivation as to make clear what approximations and assumptions
o,t-ol-rundnen cA the esir, ere are involvtd in the emnplfied equations of eqilibrium.

Consider a cylinder of mean radius R which has a small radial
Accr"Sowtcrbi'. initial oest-of-roundness w, Selecting z, 0, and z as co-ordinate

IL. au'.zre -is toexpreaurue ln appreciatin I. Ta'lor axes and denoting the longitudinal, tangential, and radial elastic
o. S Ies. staftf MMn'e enl Meon at XF Keele, A F Kiretem, displacements by L, V, and IV, it is then possible to show that

and R ( Xankard f,,r their a s &utaee in eforming the the strains at the middle surface are given by
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where Q, P, and T are the displawment which would occurin

2 the equilibrium problem of a perfectly circular cylinder under

uniform external :ressure
1- I L,_' The total potential of the syttem U is then obtained by add-

, ? -R W +2R' mg the extensional and bending.etrsin energlei of the shell and
. I subtracting the work done by the external pressure. In calculat--- 1 +--- [ W -a W.e- Fr; [131 ingthe extensionalenergy, we retained the termse in u, v, wo, ul

R through the second order and the terms in 7 , IV (directly pro-
7.4 W .V " 'V + U.W portiona to the applied preature) through the firt order only;

P ReR Rlae, n j neglected the effect of the deflection of the shell between
+t e^W t , supports on the displseementa and streses of the perfect cylinder.

'e W,,,i .._ , L Variation of Ur- with respect to u, e, and w then give the dif-
R f " 

+  
ferentialequationsothtpr.Alem. Furthermmnipulatlonof these

We shsel simpliy *beee comphetced expression to the followng equations reults in the follow ng

s I V'U " 10.. (a)1- -- W., + w o.,. +R -R$ j..-4 ... .

U. W, qc. W,.m~ EVm FI y, "- w1 + . + R 141 [-] 0 +. P+ t "' + !E1oM

2rR ss 1
For the changes in curvature, we shall use the quantitles pre- + ' (W + W.),, i- A (We + .)#* (C)

vnouly used b7 Donnell 8, for perfect cylide's, v. R Rs

w w- - here &,, as, and f,# are the membrane 'tresses which would
X. W X0 " . - " - 1151 occur in % perfectly circular cylinder and which were assuned to

be constant in deriving the foregoing equations.
The wor. cone 4 D b) the uiform externa pressure acting on For the case of uniform exteinal hydrostatic pressure applied

au sides oz ibe c) inder is pven b) the product of the pressure on all sides of a perfectly circular cylinder, and neglecting the de.
and the ennge in vlamt of the cylinder. Thus there follows flection of the shell between supports, there results
(16) - r U pR [- p0
W' _ "- " #" -o ..2 01

f .' fo T 2 Substituting the Relations 1201 into Equation [19c] yields
2 13 U ,(W - I- -- U (W , - l ) 4 h R 13 DV ' w -,,. + PRLW( +S ).,

3 + -( W -W veV p - 0 ... 12 11

Ew- V, VW%)- t 1, 162R ( i- ) - 2? -3 , 161 Now define a stress function of the total membrane stresses

I VT1:. : : 1y.j R. F, such that

3 6 6 N. F] N N.
whe'e h _ L - L . 221

_ Ud d U.O Using Equaton 114] and the stres-train relations it is then
"' CJ-- L- , U, - ., easy to show that

U r -2I, 

W, 

.W,2I 

w
WeehAllverpJ) this 'crplhated expres.o for IVD to tne I low- - - R R'
log + 2W..mr. , Wi.ulm t 23

f L VS0 R' Ri

J' 2 2 . As we are interested here in the linear problem, and as we have
previousiy neglected the deflection of the shell between supportf.

" , , 4cnvenient insider the V, V and Wduplteents Fqu.,tion 1231 redute, to
V, be made u; of ilo pasts

v- U VF--- 1241

V -Equations 11[19 1b) 1211, and 1241 together with the appro-
W - ' + w . priate botudary conditioni define the problem.
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